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Abstract. Let X = Sp2„/B the flag variety of the symplectic group. We 
propose a theory of combinatorially explicit Schubert polynomials which rep- 
resent the Schubert classes in the Borel presentation of the cohomology ring 
of X. We use these polynomials to describe the arithmetic Schubert calculus 
on X. Moreover, we give a method to compute the natural arithmetic Chern 
numbers on X, and show that they are all rational numbers. 



0. Introduction 

Let X = Sp2„/i? be the flag variety for the symplectic group Sp2„ of rank n. The 
cohomology (or Chow) ring of X has a standard presentation, due to Borel jBo| , as 
a quotient ring Z[xi, . . . ,x„]//„, where the variables come from the characters 
of B and /„ is the ideal generated by the invariant polynomials under the action 
of the Weyl group of Sp2„. On the other hand, the cohomology H*(X, Z) is a free 
abelian group with basis given by the classes of the Schubert varieties in X. 

The aim of a theory of Schubert polynomials is to provide an explicit and natural 
set of polynomial representatives for the Schubert classes in the above Borel presen- 
tation of the cohomology ring. Using a construction of Bernstein-Gelfand-Gelfand 
[BGGj and Demazure [DH ID2j . one has an algorithm for obtaining a family of 
polynomials which represent the Schubert classes, by applying divided difference 
operators to a polynomial T^j^ representing the class of a point in X. For the usual 
SL„ flag varieties, Lascoux and Schiitzenberger [LSj observed that one special choice 
of T^g leads to polynomials that represent the Schubert classes simultaneously for 
all sufficiently large n. These type A Schubert polynomials are the most natural 
ones to use from the point of view of combinatorics and of geometry; they describe 
the degeneracy loci of vector bundles (see e.g. |F1[|BKTY] ) and are the prototype 
for any proposed theory of Schubert polynomials in the other Lie types. 

For the purposes of the present paper, our interest in Schubert polynomials is 
due to their utility in studying the deformations of the cohomology ring of X which 
appear in quantum cohomology and in the extension of Arakelov theory to higher 
dimensions due to Gillet and Soule [GS1| . With this latter application in mind, 
we observed in |T21 IT3[ IT4j that a suitable theory of polynomials should provide a 
lifting of the Schubert calculus from the quotient ring Z[X„]//„ to the ring Z[X„] 
of all polynomials in X„ = (xi, . . . ,x„). In addition, one would like to have strong 
control over which polynomials are contained in the ideal /„ of relations; this was 
called the ideal property in [T3] . 



Date: August 9, 2008 

2000 Mathematics Subject Classification. 14M15; 14G40, 05E15. 

The author was supported in part by National Science Foundation Grant DMS-0639033. 

1 



2 



HARRY TAMVAKIS 



The search for a good theory of Schubert polynomials in types B, C, and D has 
received much attention in the past (see e.g. [Ml EH E2 EHl IKTT| ILPT| ILP2] ). 
The best understood theory from the combinatorial point of view appears to be 
that of Billey and Haiman [BHJ , whose Schubert polynomials form a Z-basis for a 
polynomial ring in infinitely many variables. Unfortunately, when expressed in their 
most explicit form, the Billey-Haiman polynomials are not suitable for the above 
mentioned applications, because the variables used are not geometrically natural. 

This problem is already apparent in the case of the Lagrangian Grassmannian 
LG = Sp2„/i^n, where P„ denotes the maximal parabolic subgroup associated to 
the right end root in the Dynkin diagram of type G„. The Billey-Haiman Schubert 
polynomials for the Schubert classes which pull back to X from LG coincide with 
the Schur Q-functions [SJ, but the latter are not polynomials in the Chern roots 
of any homogeneous vector bundle over LG. For the geometric applications to 
degeneracy loci and elsewhere, one may instead use the Q-polynomials of Pragacz 
and Ratajski [PR| . Indeed, we showed in [T4] and KT2 that the latter objects 
control the arithmetic and quantum Schubert calculus on LG, respectively. 

In the first part of this article, we introduce a new theory of symplectic Schubert 
polynomials £u,(X„), which are to the Billey-Haiman Schubert polynomials what 
the Q-polynomials are to the Schur Q-functions. The C^, are defined as linear 
combinations of products of Q-polynomials with type A Schubert polynomials, with 
coefficients given by combinatorially explicit integers which appear in the Billey- 
Haiman theory. Furthermore, the polynomials extend to a Z-basis of the full 
polynomial ring Z[X„], which has the ideal property mentioned above. Although 
they represent the Schubert classes in the Borel presentation of H* (X, Z) , the (L^ 
do not respect the divided difference operator given by the sign change, and thus 
differ from the previously known type C Schubert polynomials. 

In the second half of the paper, we use the polynomials to describe the 
arithmetic Schubert calculus on X, in its natural smooth Chevalley model over 
SpecZ. Arithmetic Schubert calculus is concerned with the multiplicative structure 
of the Gillet-Soule arithmetic Chow ring CH(X), expressed in terms of certain 
(carefully chosen!) arithmetic Schubert classes. The present study is thus a belated 
sequel to |T2) . which examined arithmetic intersection theory on SL„ flag varieties. 
As noted in the introduction to [T2j . the hermitian differential geometry required 
to develop the theory for Sp2„/i? was available at that time; what was lacking was 
the theory of Schubert polynomials which is provided here. 

The arithmetic scheme X parametrizes, over any base field fc, all partial flags of 
subspaces 

= EaCEi(l--- C E„ (zE2n = E 
with dim(i?i) = i for each i and En isotropic with respect to the skew diagonal 
symplectic form on E. Let E be the trivial vector bundle of rank 2n over X 
equipped with a trivial hermitian metric on E{<C) compatible with the symplectic 
form. The metric on E(C) induces metrics on all the subbundles Ei{<C), giving a 
hermitian filtration of E. For I < i < n, let Li denote the quotient line bundle 
En+i-i/ En-i with the induced hermitian metric on Li{<C), and set Xi = —ci{Li), 
where ci(Li) is the arithmetic first Chern class of Li. 

Let h G Z[X„] be any polynomial in the ideal /„. We provide an algorithm 
to compute the arithmetic intersection h(xi, . . . ,Xn) in CH(X), as the class of an 
explicit Sp(2n)-invariant differential form on X(C). In particular, we show that all 
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arithmetic Chern numbers on X involving the Xi are rational numbers (Theorem 
[2]). The key relations in the ring CH(X) required for this calculation involve the 
Bott- Chern forms of hermitian titrations over X. As in |T2j . these differential forms 
are identified with certain polynomials in the entries of the curvature matrices of 
the homogeneous vector bundles over X. Using a computation of Griffiths and 
Schmid |GrS| . the latter entries may be expressed in terms of Sp(2n)-invariant 
differential forms on Sp(2n). Finally, our main result (Theorem [3]) describes the 
arithmetic Schubert calculus on X using the structure constants for the product of 
two symplectic Schubert polynomials Cm in the polynomial ring Z[X„]. 

The paper is organized as follows. In SJT] we provide some combinatorial pre- 
liminaries on Q-polynomials and the Lascoux-Schiitzenberger and Billey-Haiman 
Schubert polynomials. We introduce our theory of symplectic Schubert polynomi- 
als in §2.21 and derive some of their basic properties in §2.31 Section [3] includes 
the main facts from the hermitian differential geometry of X(C) that we require. 
The Bott-Chern forms of hermitian filtrations are discussed in ^3.11 and the curva- 
ture of the relevant homogeneous vector bundles over X is computed in H3.2[ The 
arithmetic intersection theory of X is studied in ^ Our method for computing 
arithmetic intersections is explained in §4.3) the arithmetic Schubert calculus is de- 
scribed in §4.4( while §4.51 examines the invariant arithmetic Chow ring of X. The 
theory developed in these sections can be used to compute the Faltings height of X 
under its pluri-Pliicker embedding in projective space; this application is given in 
i )4.6l Section [4771 works out the example of Sp4/i? explicitly. 

The results of this article on Schubert polynomials and arithmetic intersection 
theory have analogues for the orthogonal flag varieties. We plan to discuss this 
theory in detail elsewhere. 

1. Preliminary definitions 

1.1. Q- and Q-functions. A partition A = (Ai,...,Ar) is a finite sequence of 
weakly decreasing nonnegative integers; the set of all partitions is denoted 11. The 
sum ^ Xi of the parts of A is the weight |A| and the number of (nonzero) parts A^ 
is the length £{X) of A. We set A^ = for any r > £{X). A partition is strict if all 
its nonzero parts are distinct. Let ^„ = {A £ 11 | Ai < n} and let 2?„ be the set of 
strict partitions in If A G 2?„, we let A' denote the partition in whose parts 
complement the parts of A in the set {1, . . . , n}. 

Let X = (xi,X2, . . .) be a sequence of commuting independent variables. The 
elementary symmetric functions = efc(X) are defined by the equation 

OO 'DC 

5]efc(X)i'==n(l+x,i). 

k=0 i=l 

The polynomial ring A = Z[ei,e2, . . .] is the ring of symmetric functions in the 
variables X. Following Pragacz and Ratajski IPRI, for each partition A, we define 
a symmetric polynomial Qx £ A as follows: initially, set Qk — ek for A; > 0. For i, j 
nonnegative integers, let 

~ _ _ 3 _ _ 

Qi.j QiQj ^" ^ ^ ^ ( 1) Qi-\-rQ j — r • 
r=l 
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If A is a partition of length greater than two and m is the least positive integer with 
2m > ^(A), then set 

Qx = PfafRan(QA,,Aj)i<j<j<2m- 

These Q-functions are modelled on Schur's Q-functions and enjoy the following 
properties: 

(a) The Qa(X) for A G H form a Z-basis of A. 

(b) Qfe.fc(X) = efe(X2) :=efc(x2,x2,...) for aU k. 

(c) If A = (Ai, . . . , Xr) and A+ = A U (A;, fc) = (Xi, . . . , k, k, . . . , Xr) then 

Qx+ — Qk.kQx- 

(d) The coefficients of (3a(X) are nonnegative integers. 

Let A„ = Z[xi, . . . , x„]"^" be the ring of symmetric polynomials in X„ = (xi, . . . , x„). 
Then we have an additional property 

(e) If Ai > n, then QxO^n) — 0. The Qa(X„) for A G 5„ form a Z-basis of A„. 

Suppose that Y — {yi,y2j ■ . ■) is a second sequence of variables and define sym- 
metric functions qk(Y) by using the generating series 



Let r = Z[gi,52---] and define a ring homomorphism 77 : A — > F by setting 
77(efc(X)) — qk{Y) for each fc > 1. Jozefiak po] showed that the kernel of rj is 
the ideal generated by the efc(X^) for fc > 0; it follows that ri{Qx) = unless A 
is a strict partition. Moreover, if pfc(X) = xj^ -f- X2 -I- • • • denotes the fc-th power 
sum, then we have r]{pk{X)) — 2pk{Y), if k is odd, and 77(pfc(X)) = 0, if fc > is 
even. For any strict partition A, the Schur Q- function Qx(Y) may be defined as the 
image of Q\(X) under rj. The Q\ for strict partitions A have nonnegative integer 
coefficients and form a free Z-basis of F. 

1.2. Divided differences and type A Schubert polynomials. Let S'„ denote 
the symmetric group of permutations of the set {1, . . . ,rt}; the elements uj of S'„ 
are written in single- line notation as (n7(l), n7(2), . . . , zu{n)) (as usual we will write 
all mappings on the left of their arguments). 5„ is the Weyl group for the root 
system A„_i and is generated by the simple transpositions Si for 1 < i < n — 1, 
where Si interchanges i and i + 1 and fixes all other elements of {1, . . . , n}. 

The hyperoctahedral group Wn is the Weyl group for the root system C„. The 
elements of Wn are permutations with a sign attached to each entry, and we will 
adopt the notation where a bar is written over an element with a negative sign. Wn 
is an extension of Sn by an element sq which acts on the right by 

(ui,U2, ■ • ■,Un)so = (?Il,M2, • ■ 

The elements of maximal length in 5„ and Wn are 

zuq = (n,n — 1, . . . ,1) and wq — {1,2, . . . ,n) 

respectively. The group Wn acts on the ring Z[X„] of polynomials in X„: the 
transposition Si interchanges x^ and x^+i for 1 < i < n ~ 1, while sq replaces xi by 
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— xi (all other variables remain fixed). The ring of invariants Z[X„]^" is the ring 
of polynomials in Z[X„] symmetric in — (xf , . . . , x^J. 

Following [BGG| and [Dlj [D2j . there are divided difference operators di : Z[X„] — 
Z[X„]. For 1 < i < n — 1 they are defined by 

= (/ - Si/)/(Xi -x,+i) 

while 

5o(/) = (/-5o/)/(2xi), 
for any / G Z[X„]. For each w e M^„, define an operator dw by setting 

if w = • • • Sa,, is a reduced decomposition of w (so that r = ^(w)). 

For every permutation tjj G 5^, Lascoux and Schiitzenberger [LS] defined a type, 
A Schubert polynomial Sro(X„) € Z[X„] by 

6^(x„) = (xr^xr^ . . .x„_^) . 

This definition is stable under the natural inclusion of Sn into 5n+i, hence the 
polynomial 6^ makes sense for w G Soc — ^'^=iSn- The set {Siu} for w e 5*00 
is a free Z-basis of Z[X] = Z[xi,X2, . . .]. Furthermore, the coefficients of Su, are 
nonnegative integers with combinatorial significance (see e.g. [BJSi IBKTY] ). 

1.3. Billey-Haiman Schubert polynomials. We regard Wn as a subgroup of 
Wn+i in the obvious way and let Woo denote the union Uj^iWn. Let Z — 
{zi,Z2, . . .) be a third sequence of commuting variables. In their fundamental pa- 
per [BHj . Billey and Haiman defined a family {Cw}w£Wao of Schubert polynomials 
of type C, which are a free Z-basis of the ring r[Z]. The expansion coefficients 
for a product C„C„ in the basis of Schubert polynomials agree with the Schubert 
structure constants on symplectic fiag varieties for sufficiently large n. For every 
w e Wn there is a unique expression 

(1) c., = ^i^Qx{y)&^iz) 

X strict 

where the coefficients are nonnegative integers. We proceed to give a combi- 
natorial interpretation of these numbers. 

A sequence a = (oi, . . . , is called unimodal if for some r with < r < to, we 
have 

ai > a2 > ■ ■ ■ > Or < Or+l < ■ ■ ■ < am- 

Let w € Wn and A be a Young diagram with r rows such that |A| — £{w). A 
Kraskiewicz tableau for w of shape A is a filling T of the boxes of A with nonnegative 
integers in such a way that 

a) If ti is the sequence of entries in the i-th row of T, reading from left to right, 
then the row word t^ . . .ti is a reduced word for w. 

b) For each i, ti is a unimodal subsequence of maximum length in • ■ - ti+iti- 
Example 1. Let A S P„, t — ^(A), and k = n — £ = £{X'). The barred permutation 

w\ = (Ai, . . . , A^, Ajj, . . . , X[) 
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is the maximal Grassmannian element of Wn corresponding to A. There is a unique 
Kraskiewicz tableau for wa, which has shape A, and is given as in the foUowing 
example, for A = (7, 4, 3): 

6 5 4 3 2 10 
3 2 10 
2 1 0. 

According to [BHl Theorem 3] , the polynomial Cw satisfies 

Cu, = J2 FuiY)e,iZ), 

uv—w 

summed over all reduced factorizations uv — w in Woo (i-C-, such that i{u) +£(v) — 
£{w)) with V G Soo- The left factors Fu{Y) are type C Stanley symmetric functions 
of [BH[ IFK[ ILaj . In addition, Lam [Laj has shown that for any u G Woo , 

F„(y) = ^c^Q,(r) 

A 

where c^J equals the number of Kraskiewicz tableaux for u of shape A. By combining 
these two facts, we deduce the next result. 

Proposition 1 (BH, La). For every w G Woo, the coefficient in ^ is equal to 
the number of Kraskiewicz tableaux for wvu^^ of shape X, if i^wuj"^) = £{w)~£{zu), 
and equal to zero otherwise. 

2. Symplectic Schubert polynomials 

2.1. Consider the vector space C^" with its canonical basis {ei}^2i of unit co- 
ordinate vectors. We define the skew diagonal symplectic form [ , ] on C^" by 
setting [ei,ej] = for i + j 7^ 2n + 1 and [ci, e2n+i-i] = 1 for 1 < z < n. The 
symplectic group Sp2„(C) is the group of linear automorphisms of C^" preserving 
the symplectic form. The upper triangular matrices in Sp2„ form a Borel subgroup 
B. 

An n-dimensional subspace S of C^" is called Lagrangian if the restriction of the 
symplectic form to S vanishes. Let X = Sp2„/i? be the variety parametrizing flags 
of subspaces 

= So c ^1 c ■ • • c S„ c i;2„ = 

with dim Ei = i and £"„ Lagrangian. Each such flag can be extended to a complete 
flag E, in C^" by letting En+i = E^_^ for 1 < i < n; we will call such a flag a 
complete isotropic flag. The same notation is used to denote the tautological flag 
E, of vector bundles over X. 

There is a group monomorphism (j) '■ Wn ^ 5*2^ with image 

(j>{Wn) = { e S'2„ I rAj{i) + m{2n + 1 - i) = 2n + 1, for aU i }. 

The map cf) is determined by setting, for each w = {wi , . . . , Wn) S Wn and I < i < n, 

, , f ?i + 1 - Wn+i-i if Wn+i-i is unbarred, 

y n + Wn+i-i otherwise. 

Let F, be a fixed complete isotropic flag. For every w G Wn define the Schubert 
variety Xu]{F.) C X as the locus oi E, £ X such that 

dim{Er n i^s) > # { i < r I (l){w){i) > 2n - s] for 1 < r < n, 1 < s < 2n. 



SCHUBERT POLYNOMIALS AND ARAKELOV THEORY 



7 



The Schubert class aw in H^^*^*^') (X, Z) is the cohomology class which is Poincare 
dual to the homology class determined by Xw{F,). 

According to Borel [Bo| . the cohomology ring H*(X, Z) is presented as a quotient 

(2) H*(X,Z) 2^Z[xi,...,x„]//„ 

where /„ is the ideal generated by all positive degree W„-invariants in Z[X„], that 
is, In = (ei(X^), 1 < i < n). The inverse of the isomorphism ([2]) sends the class of 
Xi to ~ci{En^i^i/ En-i) for each i with 1 < i < n. 

2.2. For every A G Qn and zu G Sn, define the polynomial Ca.to = £A,ro(X„) by 

Ca,^ = Qa(X„)6^(-X„) = (-1)^(-)Qa(X„)6^(X„). 

The products (5A(X„)(3ro(X„) for A G P„ and tu G Sn form a basis for the poly- 
nomial ring Z[X„] as a Z[X„]^"-module, which was introduced and studied by 
Lascoux and Pragacz [LP1| . We observe here that the CA,ro(X„) for X G Qn and 
■cu G Sn form a basis of Z[xi, . . . ,x„] as an abelian group. Moreover, properties (b) 
and (c) of Q-polynomials ensure that for A G ^„ \ we have £A.ti7(X„) G In- 

Definition 1. For w G Wn, define the symplectic Schubert polynomial £^ = 

e:^(x„) by 

(3) E eA,^e:A.^(x„) 

where the coefficients are the same as in ([T]). 

Theorem 1. The symplectic Schubert polynomial Cu,(X„) is the unique "L-linear 
combination of the £A,ro(X„) for A G T>n and w G Sn which represents the Schubert 
class a^j in the Borel presentation ([2|) . 

Proof. For each w G Wn , the Billey-Haiman polynomial represents the Schubert 
class cr^ in the Borel presentation after a certain change of variables. Recall that a 
partition is odd if all its non-zero parts are odd integers. For each partition /i, let 
p^ = YiiPfj-i^ where pr denotes the r-th power sum. The Pp,{Y) for fi odd form a 
Q-basis of F g)^ Q- We therefore have a unique expression 

(4) Cw= J2 al^P^.iY)&UZ) 

fi. odd, -cu^Sn 

in the ring T[Z] ®i Q. 

Let podd = (pi,P3,P5, • ■ •)■ Define a polynomial C^(podd(X), X„_i) in the vari- 
ables pk '■— P*:(X) for k odd and xi, . . . ,x„_i by substituting pkiX) with pfe(X)/2 
and Zi with — x^ in (jl]). It is shown in [BH) §2] that the polynomial Cu,(X„) := 
Cu,(Podd(X„),X„_i) obtained by setting x^ = for alH > n in C„(podd(X), X„_i) 
represents the Schubert class in the Borel presentation ([2]). Using Jozefiak's 
homomorphism rj from Hl.li we see that 

er,^QA(X)6^(-X„) 

A strict, vj^Sn 

differs from Cu,(pocid(X), X„_i) by an element in the ideal of A[X] generated by the 
ei(X^) for i > 0. Since the ideal /„ is generated by the polynomials ei(X^), and 
(5a(X„) = whenever Ai > n, it follows that £u, represents the Schubert class ti^ 
in the presentation ([2]), as required. 
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We claim that the Ca.to for A e \ 2?„ and vo G Sn form a free Z-basis of /„. 
To see this, note that if h is an element of /„ then /i(X„) — ei(X^)/i(X„) for 
some polynomials fi G Z[X„]. Now each /; is a unique Z-linear combination of the 
for /i e tj„ and vj £ Sn, and properties (b) and (c) of ijl.ll give 

(x„). 

We deduce that any h G /„ lies in the Z-linear span of the Ca.ct for A G 5„ \ P„ 
and Tu G Sn- Since the Ca.iu for A G Qn and tu G Sn are linearly independent, this 
proves the claim and the uniqueness assertion in the theorem. □ 

We remark that the statement of Theorem [T] may serve as an alternative defini- 
tion of the symplectic Schubert polynomials £iu(X„). 

2.3. We give below some basic properties of the polynomials £„(X„). 

(a) The set 

{C^, \weWn}U {Ca,^ I a G e„ \ Vn, W G Sn) 

is a free Z-basis of the polynomial ring Z[xi , . . . , x„] . The Ca.ot for A G \ and 
vo G Sn span the ideal /„ of Z[xi, . . . , x„] generated by the ei(X^) for 1 < i < n. 

(b) For every u, u G Wm we have an equation 

(5) • — ^ ^ c„„ + ^ ^ c„.„ Ca.to 

roes„ 

in the ring Z[xi , . . . , x„] . The coefficients are nonnegative integers, which vanish 
unless i{w) — £{u) + i{v), and agree with the structure constants in the equation 
of Schubert classes 

Ew 

which holds in H*(X, Z). The coefficients c^J' are integers, some of which may be 
negative. Equation ^ provides the sought for lifting of the Schubert calculus from 
the cohomology ring H*(X, Z) to Z[xi, . . . ,x„] discussed in the Introduction. 

(c) Stability property: For each m < n let z = im,n '■ Wm — * Wn be the natural 
embedding using the first m components. Then for any w G Wm we have 

(d) For a maximal Grassmannian element wx G Wn, we have CwQ^n) — Qa(X„). 

(e) For w & Sn and w G Wn, we have 

otherwise. 




(f) Let Vo — wqvjo = (n, n — 1, . . . , 1). Then for every nj G S„, we have 

where p„ = — 1, . . . , 1). In particular, for the element wq G Wn of longest 
length we have 

£.,o(X„) = Qp„(X„)6^„(-X„) = (-l)"("-i)/2^r'xr' ■ • •x„_iQp„(X„). 
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Thus (Xn) agrees with the symplectic Schubert polynomial of Lascoux, Pragacz, 
and Ratajski [LPH Appendix A] indexed by wo- However these two families of 
polynomials do not coincide, because unlike the Schubert polynomials of loc. cit., 
the €w do not respect the divided difference operator Oq. 

(g) To any w G W„ we associate a strict partition ^ whose parts are the absolute 
values of the negative entries of w. Let v Sn he the permutation of maximal 
length such that there exists a factorization w = uv with £{w) — £{u) + £{v) for 
some u G Wn- Then C^^i, is the unique homogeneous summand e™^£A,ro of in 
equation ^ with the weight |A| as small as possible. 

(h) Lascoux and Pragacz [LP 11 §1] define a Z[X„] '^"-linear scalar product 

( , ) : Z[X„] X Z[X„] -^Z[X„]^" 

by 

(/,5) = (-i)"("-^^/'a.o(/.9) 

for any f,g d Z[X„]. The set of symplectic Schubert polynomials {^w0^n)}wGW„ 
and the polynomials {£A,ro(X„)}Ae-D„.roeS„ form two bases for the polynomial ring 
Z[X„] as a Z[X^J-module. If A, /i £ I?„ and p,7T ^ Sn are such that £(p) + £{tt) < 
n{n— l)/2, then we have the orthogonality relation 

, , , , J 1 if /i = A' and TT = roop, 

[^x,p,^t^,^) - <^ Q otherwise. 

Furthermore, if m, w G Wn are such that £{u) + £{v) < -n? , then we have 

= I Q otherwise" ' 



The proof of Theorem [T] established that the Ca.hj for A G \ P„ and zu E Sn 
form a basis of /„. The remaining statements in properties (a) and (b) follow 
because the for w G Wn form a basis of Z[X„]//„. Properties (c), (d), (e), (g) 
may be derived from the corresponding properties of the Billey-Haiman Schubert 
polynomials, and (f) is a consequence of (e). 

Equation ([6]) is proved by factoring the divided difference operator d^o — dva^vjo^ 
where vq = wqujo^ noting that 

(g:a,p(x„),g:^,,(x„)) = (-i)"("-i)/2a„„(QA(x„)g^(x„))9^„(s,(-x„)6,(-x„)), 

and using the corresponding properties of the inner products defined by d^^ and 
d^Q, which are derived in [LPH (10)] and ^ (5.4)], respectively. The relation ^ 
may be deduced from ([6]) and property (g) above, or by using the fact that the 
Schubert classes Gu = C^ii(X„) and (7„ = £„(X„) satisfy 




Table [T] lists all the symplectic Schubert polynomials Cm for w G Wj,- The reader 
should compare this table with [BH|, Table 2] and |LP1|, Appendix A] . 
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3. Hermitian differential geometry 

3.1. Bott-Chern forms. In this section X denotes a complex manifold, and 
AP''^{X) is the space of C-valued smooth differential forms of type {p, q) on X. Let 
A(X) = 0p AP-P{X) and A'[X) C A(X) be the set of forms in A{X) which can be 

written as (/? = drj + drj' for some smooth forms rj, rj'. Define A{X) = A{X)/A'{X). 
Observe that the operator dd'^ : A{X) A{X) is well defined, as is the cup product 
Aw : A{X) ^ A{X) for any closed form uj in A{X). 

A hermitian vector bundle on X is a pair E = {E, h) consisting of a holomorphic 
vector bundle E over X and a hermitian metric h on E. Let D be the hermitian 
holomorphic connection of E, with curvature K — E A^'^{X,Fiiid(E)), and let 
n denote the rank of E. For each integer k with 1 < A: < n, there is an associ- 
ated Chern form Ck(E) Tr{/\''{^K)) € defined locally by identifying 
End(£:) with Af„(C). We also have the total Chern form c(E) = 1 + J2k=i Ck(E). 
These differential forms are d and d'^ closed, and their classes in the de Rham 
cohomology of X are the usual Chern classes of E. 

Let r=(l<ri<r2<...< r„j — n) be an increasing sequence of natural 
numbers. A hermitian filtration £ of type r is a filtration 

(8) £ : Q = En (lEi (1E2 d ■■■ dEm^ E 

of E by subbundles Ei with rank(i?i) — ri for 1 < i < to, together with a choice of 
hermitian metrics on E and on each quotient bundle Qi = Ei/Ei-i. We say that 
£ is split if, when Ei is given the induced metric from E for each the sequences 

f,; : O^E,-i -^E,^Q,^0 

m 

are split, for 1 < z < m. In this case we have an orthogonal splitting E — Qj. 

1=1 

In |T2t Theorem 1] we showed that there is a unique way to attach to every 
hermitian filtration of type r a form c{£) in A(X) in such a way that: 

m 

(i) dd^m^c{^Q^)-c(E), 

i=l _ _ 

(ii) For every map f : Y ^ X oi complex manifolds, c{f*{£)) = f*c{£), 

(iii) If £ is split, then c{£) = 0. 

The differential form c{£) is called the Bott-Chern form of the hermitian filtration 
£ corresponding to the total Chern class, li m — 2, i.e., if the filtration £ has length 
two, then c{£) coincides with the Bott-Chern class c(0 Qi ^ E ^ Q2 ^ 0) 
defined in [10 Esg. _ 

Suppose we are given a hermitian vector bundle E and a filtration £ of E' by 
subbundles as in ([8]). Assume that the subbundles Ei are given metrics induced 
from the hermitian metric on E and that the quotient bundles Qi are then given 
the metrics induced from the exact sequences £i. Consider a local orthonormal 
frame for E such that the first ri elements generate Ei, and let K{Ei) and K{Qi) 
be the curvature matrices of Ei and Qi with respect to the chosen frame. Let 
= ■^K{Ei) and Kq. = ■^K{Q^). Then we have the following result. 

Proposition 2 (T2). The Bott-Chern form c{£) is a polynomial in the entries of 
the matrices and Kq., I < i < m, with rational coefficients. 
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The polynomial in Proposition [2] may be computed by an explicit algorithm. In 
fact, one has the equation 

rri 
1=2 

and the Bott-Chern forms c{£i) can be evaluated using the formulas in |T2|, §3]. 

m 

In particular, we have Ci{£) = and C2{£) — ^^C2(fi), while 'cp{£) — for 

i=2 

p > rank(i?). 

Suppose that E is flat and to = 2, so that £ is equivalent to a short exact 
sequence 

I : O^Ei^E^Q^^O 

of hermitian vector bundles, with metrics induced from E. In this situation, ac- 
cording to Tl, Prop. 3], we have 

(9) Ck(S) = (-l)'-^Hfe-iPfe-i(Qi). 

Here Pr(Qi) = Tr((ifQj)'') denotes the r-th power sum form of Qi, while Hq — 
and Tir = i + ^ + ■ ■ ■ + ^ is a harmonic number for r > 0. 

3.2. Curvature of homogeneous vector bundles. To simplify the notation in 
this section, we will redefine the group Sp2„(C) using the standard symplectic form 

[ , ]' on C^" whose matrix [ei,ej]'^j on unit coordinate vectors is ^ 

where Id„ denotes the nxn identity matrix. Let X Sp2„/i? be the symplectic flag 
variety and E, its tautological complete isotropic flag of vector bundles. We equip 
the trivial vector bundle E2n = C^" with the trivial hermitian metric h compatible 
with the symplectic form [ , ]' on C'^". More precisely, view the quaternion algebra 
H as C © jC and C^" = C" © jC" as a right H-module. Then the metric h may be 
deflned by the equation h{v,w) = —[vj,w]' (see for example jFHj §7.2]). 

The metric on E induces metrics on all the subbundles Ei and the quotient 
line bundles Qi — Ei/Ei^i, for 1 < i < n. Our goal here is to compute the 
Sp(2n)-invariant curvature matrices of the homogeneous vector bundles Ei and 
for 1 < i < n. Following |GrS[ §4] and |T21 §5], this may be done by pulling back 
these matrices of (1, l)-forms from X to the compact Lie group Sp(2n), where their 
entries may be expressed in terms of the basic invariant forms on Sp(2n). 

The Lie algebra of Sp2„ (C) is given by 

sp(2n, C) = {{A, B, C) \ A,B,C e Af„(C), B, C symmetric}, 

where {A, B, C) denotes the matrix ^ ^ ^ . Complex conjugation of the 

algebra sp(2rt, C) with respect to the Lie algebra of Sp(2n) is given by the map r 
with t{A) = — j4*. The Cartan subalgebra () consists of all matrices of the form 
{(diag(ti, . . . , tn), 0, 0) I ti e C}, where diag(ii, . . . , t„) denotes a diagonal matrix. 
Consider the set of roots 

R = {±U ±tj\i^ j) U {±2^4 C [)* 

and a system of positive roots 

R+ - {U -tj\i< j} ^{tp + tq\p< g}. 
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where the indices run from 1 to rt. We use ij to denote a positive root in the first 
set and pq for a positive root in the second. The corresponding basis vectors are 
Cij = {E,j,0, 0), eP« = (0, Epg + Eqp, 0) for p < q, and e^P = (0, Epp, 0), where E,j 
is the matrix with 1 as the ij-th entry and zeroes elsewhere. 

Define = T(ey), e^'^ = T{d"^), and consider the linearly independent set 

B' = {gy , Cy, e^'', eP"^ \ i< j, p < q}. 

The adjoint representation of [) on sp(2rt, C) gives a root space decomposition 

sp(2n, C) = t) e ^(Cey Cey) ® ^(C e"" Cef«). 

Extend B' to a basis B of sp(2ri, C) and let B* denote the dual basis of sp(2n, C)*. 
Let oj*-', ZU*-', Wpq, ZUpg be the vectors in B* which are dual to e^, e^, e^', e'"', re- 
spectively; we regard these elements as left invariant complex one-forms on Sp(2n). 
li p > q we agree that ujpq — ujqp and ojpq = Zuqp. Finally, define = 71^*-' , 
~ = , cjP'' = 7Wpq, and ZUP' = I'^pqi where 7 is a constant such that 1^ — 



and set VLi^ = Lu^j A cJy and D.p'^ — ujP'' A u?"^. 

If TT : Sp(2n) X denotes the quotient map, the puUbacks of the aforementioned 
curvature matrices under tt can now be written explicitly, following |GrS| (4.13)x] 
and |T2|, §5]. The result is recorded in the following proposition. 

Proposition 3. For every k with I < k < n we have 

n 

ci(gfc) = E"*'^--E"^-^-E"'" 

i<k j>k p—1 

and K^^ = {Ba^}i<a,^<fc; where 

n 

j>k p=l 

Let n = /\ A /\ QP"^. Since the class of a point in X is Poincare dual to 

i<j p<q 

n „ n 

n ci(QI)^""^'"*"^ (see e.g. [PR". Cor. 5.6]) we deduce that / = H /gt-- iV ' 

4. Arithmetic intersection theory on Sp2„/i? 

4.1. Symplectic flag varieties over SpecZ. For the rest of this paper, X will 
denote the Chevalley scheme over Z for the homogeneous space Sp2„/i3 described in 
t|2.1l The scheme X parametrizes complete isotropic flags E, of a 2rt-dimensional 
vector space E equipped with the skew diagonal symplectic form, over any base 
field. The arithmetic symplectic flag variety X is smooth over Spec Z, and has a 
decomposition into Schubert cells induced by the Bruhat decomposition of Sp2„ 
(see e.g. [1^, §13]). 

There is a tautological complete isotropic flag of vector bundles 

E.: O^EoCEiC---C E2n = E 

over X. For each i with 1 < i < 2n we let Si denote the short exact sequence 

£, : 0^ E,. ^ ^ Q, ^ 0. 
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If CH(X) is the Chow ring of algebraic cycles on X modulo rational equivalence, 
then the class map induces an isomorphism CH(X) = H*(X(C),Z); we therefore 
also have a presentation CH(X) = Z[X„]//„. The relations ei(X^) in /„ come 
from the Whitney sum formula applied to the filtration E,. This gives a Chern 
class equation n?"i(l + ci{Qi)) — c{E) in CH(X), which maps to the identity 
11^=1(1 ~ ^i) = 1' since ii^ is a trivial bundle. 
We have an isomorphism of abelian groups 

CR{x)^ ze:^(x„) 

where the polynomial £^(X„) represents the class of the codimension £{w) Schubert 
variety Xw in X, as defined in 

4.2. The arithmetic Chow group. For p > we let CH^(X) denote the p-th 
arithmetic Chow group of X, in the sense of Gillet and Soule [GS1| . The elements 
in CH^(X) are represented by arithmetic cycles {Z, gz), where Z is a codimension p 
cycle on X and gz is a current of type (p— 1) such that the current dd'^gz+Sz(c) 
is represented by a smooth differential form on X(C). 

We let be the involution of X(C) induced by complex conjugation. Let 
AP'P{Xm.) be the subspace of AP'P{X{C)) generated by real forms rj such that F^rj — 
i-l)Pri; denote by^IP'P(XM) thejmage of AP'P{Xr) in Ap^p{X{C)). Let A(Xr) = 
©pv4f'P(XR) and A(Xm) = AP'P(Xr). 

Since the homogeneous space X admits a cellular decomposition, it follows as in 
e.g. [KMj that for each p, there is an exact sequence 

(10) Ip-I'P-I(Xr) ^ CHP(X) CHf (X) 0, 
where the maps a and ^ are defined by 

airj) = {0,Tj) and aZ,gz)^Z. 
Summing (jlOp over all p gives the sequence 

(11) — > I(Xr) ^ CH(X) CH(X) — > 0. 

We equip E(C) with the trivial hermitian metric compatible with the skew di- 
agonal symplectic form [ , ] on C^". This metric induces metrics on (the complex 
points of) all the vector bundles Ei and the line bundles Li = En+i-i/En-i, for 
1 < i < n. We thus obtain hermitian vector bundles Ei and line bundles Li, to- 
gether with their arithmetic Chern classes Ck{Ei) e CH (X) and ci(Li) G CH (X). 
Set Xi — ~ci{Li) and for any w G Wn, define 

g:^, := g:^(3;i, . . . ,3„) e CH (X). 
The unique map of abelian groups 

(12) e : CH(X) -> CH(X) 

sending the Schubert class £t„(X„) to for all w G Wn is then a splitting of pT|) . 
We thus obtain an isomorphism of abelian groups 



(13) 



CH(X) ^ CH(X) © A(Xr). 
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4.3. Computing arithmetic intersections. We now describe an effective pro- 
cedure for computing arithmetic Chern numbers on the symplectic flag variety X, 
parallel to [H §7]. Let Ck(E,) and ci(Li) be the Chern forms of Ei{C) and L,{C), 
respectively. In the sequel we will identify these with their images in CH(X) under 
the inclusion a. Let Xi — ~ci{Li) for 1 < i < n. 
We begin with the short exact sequence 

where En denotes the tautological Lagrangian subbundlc of E over X. By |GS2| 
Theorem 4.8(ii)], we have an equation 

(14) c(En)c(En) = 1 + c(Elg) 
in CH(X). Consider the hermitian filtration 

£ : = C C • • • C En. 
According to [T2|, Theorem 2], we have an equation 

n 

(15) Y[{l-x^)^d(En) + c(£). 

i=l 

If c(5) = '^ith ai G v4*'*(Xr) for each i, then define c{£*) = 

We obtain the dual equation 

n 

(16) i[{i+xi)^d{X)+d{r). 

1=1 

The abelian group A(Xk) — KerC is an ideal of CH(X) such that for any hermit- 
ian vector bundle F over X and 77,77' S ^(Xr), we have 

(17) Ck(F) ■ rj = Ck(F) A T] and ■ -q' ^ {d(f -q) A -q' . 

We now multiply with and combine the result with (|14p to obtain 

(18) [](1 - x2) = D, 

i=l 

where 

(19) c{£X) = c(£lg) + c{£) A c{E*n) + c{£*) A c(E„) + {dd^c(£)) A c(£*). 

Using ([9]) and Proposition [2l we can express the differential form c{£,£ ) as a 
polynomial in the entries of the matrices Ke^ and K^. with rational coefficients. 
On the other hand, Proposition [3] gives explicit formulas for all these curvature 
matrices in terms of Sp(2n)-invariant differential forms on X(C). Note that since 
we are using the skew diagonal symplectic form to define the Lie groups in this 
section, the formulas in H3.2\ have to be modified accordingly. For the matrix 
realization of the Lie algebra sp(2?T.,C) in this case, one may consult e.g. [GW[ 
§1.2, §2.3], while the basis elements of f) should be ordered as in |BH1 (2.20)]. The 
indices and (p, q) in Proposition [3] are then replaced by (ji + l— j,n+l — i) 
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and {n + 1 — q, n + 1 — p) , respectively. Recalling that Li — En+i-i / En-i , we have 
the identities 



Xi = -0.12 "^13 ^In + + ■■■ + Vl"' 

X2= ^12-^23 n2n + + + ■ ■ ■ + f]^" 



Xn = r!l„ + n2n + ■■■ + ^n-l,n + + f^'" + • • • + f^"" 

in A^'^(Xr). We also deduce the next result. 

Proposition 4. We have ci(£) = ci(£, £*) — 0, C2{E) — — ^ ily , and 

i<j 

n 

his, T) = -2 ^ - 2 ^ - ^ 

i<j p<q p=l 

n 

Proof. We have C2{£) — ^^02(1?^), where £i is the short exact sequence 

i=2 

£i : Ei-i Ei ^ Ln+i~i 0. 

For each i, write 

Ke. = 





KI2 


^21 


KI2 



where K\i is an (i — 1) x (i — 1) submatrix. According to [Tl|, Cor. 1], we then 
have C2(£i) = ci(S,_i) - Ti K{^. Therefore 

n 71—1 

C2{£) = (ci(^.-i) - Trifji) = ci(Ei) - TrXl\ + ^^^22- 

j=2 i=2 

Using Proposition [21 we obtain 

n 

C^(E^) = -J2^jn-J2^''\ 

j<n p—1 

n n — 1 
p=l q=l 

and 

n 

Tr ^22 — ^ i^n+l-j,n+l-i " il^^"^^ * 

j>i p=l 

for 2 < i < n — 1. The claimed computation of C2{£) follows by adding these 
equations. Finally, from ([9]) and (fT9)) we deduce that 

C2(£X) = 2'2(^lg) + 2c2(5) = ci(:b„) + 23'2(^). 

□ 

Let h{Xn) be a homogeneous polynomial in the ideal /„ of §2.11 We give an 
effective algorithm to compute the arithmetic intersection h{xi, . . . ,Xn) as a class 
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in A{Xr). First, we decompose ft, as a sum h{Xn) = J2i^ii^n)fi0^n) for some 
polynomials fi. Equation (fT8|l implies that 

(20) e,{xl...,xl) = {-ly^2^(EX) 
for 1 < i < n. Using this and (fT7|) we see that 

n 

(21) h{xi,X2, ...Xn)= ^i-iyC2t{£,£*) A fi{xi,X2, ■■■,Xn) 

i=l 

in CH(X). Now, thanks to the previous analysis, we can write the right hand side of 
pip as a polynomial in the Xi and the entries of the matrices Ke^ for 1 < ? < n, with 
rational coefficients, which is (the class of) an explicit Sp(2n)-invariant differential 
form in A{Xtr). 

In particular, if ki are nonnegative integers with '^ki = dimX = + 1, the 
monomial X;^^ • • -xjij" lies in the ideal /„. If X;^^ • • -xjij" = "127=1 ei(X^)/i(X„), then 
we have 

n 

^l'^2' ■■■^n"^ ^(-l)'?2»(^,r) A /,(X1, . . .,Xn). 
i=l 

Now if the top invariant form is defined as in i i3.2[ we have shown that 

C2i{E,£*) A /i(xi, . . . ,Xn) = r^Vt 

for some rational number r,; . Therefore the arithmetic degree |GSlj of the above 
monomial satisfies 

drg(^j^^^^ . . . ^^) = - E(-i)^ n n = Y.i-^y n. 

We deduce the following analogue of [T2:, Theorem 4] . 

Theorem 2. For any nonnegative integers fci,...,fc„ with ^ fci — + 1, the 

arithmetic Chern number <leg{x\^X2^ ■ ■ ■ Jjj") is a rational number. 

4.4. Arithmetic Schubert calculus. For any partition \ ^ Qn and tu G S'„, 
define 

^A,trr — ^A,tn (^1 ; ■ ■ ■ 1 ) • 

If A e t/„ \ P„, let rx be the largest repeated part of A, and let A be the par- 
tition obtained from A by deleting two of the parts r\. For instance, if A = 
(8, 7, 7, 7, 6, 3, 3, 2), then A = (8, 7, 6, 3, 3, 2). 

If A e Gn \ 2?n, then properties (b), (c) in gTHl Ull), and ([201) imply that 

CA.tn ^'^X^Qr^,r>^{xl, . . . ,xl) = {-if t-j^^^{xi , . . . , Xn) ^C2r ^(E X ) ■ 

Since Ca.to S a(A(XR)) whenever A g C/„ \I?„, we will denote these classes by C^A.ro- 
The next theorem computes arbitrary arithmetic intersections in CII(X) with 
respect to the splitting (|13p induced by , using the basis of symplectic Schubert 
polynomials. 

Theorem 3. Any element of the arithmetic Chow ring CH{X) can be expressed 
uniquely in the form amCtu + where a^, G Z and rj G ^(Xr). For u,v d Wn 
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we have 

(22) (Lu ■ — ^ ] + ^ ] c„„ CajTOj 

Cm • = £u(a;i, . . . ,x„) A r/, a^d rj ■ rj' ^ [dd^r]) A rj' , 
where €w G A(Xr), r;, rj' G A(Xr), and t/ie integers c^„, c^^ are as in ([5]). 

Proof. The first statement is a consequence of the sphtting ([T^ . Equation ([^ 
foUows from the formal identity ^ and our definitions of €w and The remaining 
assertions are derived immediately from the structure equations (|17|) . □ 

4.5. The invariant arithmetic Chow ring. The arithmetic Chow group CH(X) 
is not finitely generated, as it contains the infinite dimensional real vector space 
A(Xr) as a subgroup. Following [T2| §6], we can work equally well with a finite 
dimensional variant of CH(X), obtained by replacing the space yl(XR) by a certain 
subspace of the space of all Sp(2n)-invariant differential forms on X(C). 

Recall the notation introduced in §3.21 and §4.21 Let Inv(XR) denote the ring of 
Sp(2n)-invariant forms in the K-subalgebra of A{X(C)) generated by the differential 
forms LUi AuJ2 for all loi,ll!2 in the set {cuij, uj'^'^ | « < J, P < Define Inv(XR) C 
A(Xr) to be the image of Inv(XR) in yl(XR). 

Definition 2. The invariant arithmetic Chow ring CHinv(X) is the subring of 
CH(X) generated by e(CH(X)) and a(Inv(XR)), where e is the splitting map (fT2)) . 

There is an exact sequence of abelian groups 

— > hiv(XR) CHinv(X) CH(X) — > 

which splits under e, giving an isomorphism of abelian groups 

CHi„v(X) ~ CH(X) © hiv(XR). 

Theorem [3] may be refined to an analogous statement for the invariant arithmetic 
Chow ring CHinv(X), by replacing the group ^(Xr) with Inv(XR) throughout. 

4.6. Height computation. The flag variety X has a natural pluri-Pliicker embed- 
ding j in projective space. The morphism j may be defined as a composite 

X = — > i^sL ^ 

where -Fsl = SL2„/P denotes the variety parametrizing all partial flags 

with rank(i?i) — i for each i, and i is a composition of a product of Pliicker embed- 
dings followed by a Segre embedding. Observe that j is the embedding given by the 
line bundle Q = {S)"=i det{E/ Ei). Let 0{1) denote the canonical line bundle over 
the projective space P^, equipped with its canonical metric (so that 01(0(1)) is 
the Fubini-Study form). The Fallings height of X relative to 0{1) (see [FallBoGS] ! 
is defined by 

%(i)(X)=d^(ci(0(l))"'+i|x). 
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The puUback j*{0{l)) — Q is an isometry when (3(C) is equipped with the canon- 
ical metric given by tensoring the induced metrics on the determinants of the quo- 
tient bundles E/Ei ioi 1 < i < n. We deduce that 

n n 
i=l i=l 

and therefore 



(23) (SP2„/S) - deg (ci (Q)"'+i | X 




It follows from Theorem [2] and ([23]) that the height ^Q(i')(Sp2„/i?) is a rational 
number. One may also derive this fact from the height formula in KK . 

4.7. An example: Sp4/i3. In this section we compute the arithmetic intersec- 
tion numbers for the classes Xi in CH(X) when n = 2, so that X is the variety 
parametrizing partial flags C Ei C E2 C E4 — E with E2 Lagrangian. 
Consider the differential forms 

and 

6 = c2(eI) = + 2 Q^^n^^ + 2 n^^n^^. 

Notice that = 2^2- Over X we have the filtrations of hermitian vector bundles 

£lg:0c:B2C:E and £ : ClEi (1E2. 
Equation ([9]) gives 

c(£lg) = Pl(E2) + H3P3(E2) = Cl{E2) + H3 {4(E2) ~ 3CI(E2)C2(E2)) 

- -4i - -^?i + Y'Sisa - -?i + "^si?2 
and therefore 

c(£lg) = -f^" - 2 - f]22 ^ f^llf7l2j722^ 

On the other hand, Proposition H gives c{£) = c{£*) — ~fti2- Using the Maurer- 
Cartan structure equations for Sp2„(C), we find that 

duji2 ^doJu = -(w" AoJ^^ +uj'^^ AcJ^^) 
7 

duju = duJi2 = --(w^^ AuJ^^ +UJ^^ Acj") 
7 

and hence 

rfd"(f7i2) = 'y^dd{uji2 A z:;i2) = 7^(9t^i2 A ^^12) = f^^2(f^" + n^^). 
We deduce from the above calculations and that 

c(f,f*) = -6 - 21^12 - 2i7i2 6 + nn^^n^^n^^ + ni2^^^{fi^^ + ^'^^) 
= -a - 2 rji2 - 2 f7i2i7"f722 - 3 f7i2i7"i7^2 - 3 ni2n^^n^^ + ii n^^n^^n^^. 

Let a and 6 be nonnegative integers with a+b = 5. The Bott-Chern form c{£, £ ) 
is the key to computing any arithmetic intersection X1X2, following the algorithm 
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of S31 The result will be a multiple of the class of fl ^ ni2n^^il^'^Q.'^^ in the 

-5 

arithmetic Chow group CH (X). For instance, we compute that 

xfxl = XI ■ e2{xl,xl) = {~ni2 + + n^"^) AciiEX) 

while 

x\xl =X2 ■e2{xl,xl) (Sli2+Sl^^ + f722)AC4(£,f*) 

We similarly find 

x\^lQn, x{x2 = -?>^, xix^ = 2QVL, xl 
For the Faltings height of X, we conclude that 

%ni(SP4/S) = A^g Uxi + 2^2)^) = d^?g(185017) = 925 / 

^ ' JxiC) o 
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SCHUBERT POLYNOMIALS AND ARAKELOV THEORY 

Table 1. Symplectic Schubert polynomials for w G W3 
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